Improving sandwich variance estimation for

marginal Cox analysis of cluster randomized trials

Xueqi Wang
Duke University School of Medicine

Joint work with:
Elizabeth L. Turner, Duke University
Fan Li, Yale University

Partially funded by NIH awards:
U010D033247 & R01DC020026

Cluster Trials "Special Interest Group" Meeting
March 16, 2022

w] Duke Department of Biostatistics & Bioinformatics D k GLOBAL HEALTH
Duke University School of Medicine u e INSTITUTE



0 Introduction

Bias-corrected sandwich variance estimation 1/43



Introduction

Cluster randomized trials (CRTs)
m Unit of randomization: a cluster of individuals
m Commonly used in public health, education, and social policy

Bias-corrected sandwich variance estimation 2/43



Introduction

Cluster randomized trials (CRTs)
m Unit of randomization: a cluster of individuals
m Commonly used in public health, education, and social policy

Challenge in CRTs: a limited number of clusters

m Logistical or resource constraints
m Systematic reviews
e Fiero et al. (2016): from 86 CRTs published between 08/2013 and
07/2014, median number of clusters randomized was 24
o lvers et al. (2011): from 285 CRTs published between 2000 and 2008,
median number of clusters randomized was 21
m Tend to inflate type | error rates for < 30 clusters (Murray et al.,
2008)
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Introduction

Generalized estimating equations (GEE) by Liang and Zeger (1986)
m Account for within-cluster correlations
m Population-averaged interpretation (Preisser et al., 2003)

m Robust sandwich variance estimator (ROB)

e asymptotically valid inference
e even when the correlation structure is not correctly specified
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Introduction

Generalized estimating equations (GEE) by Liang and Zeger (1986)
m Account for within-cluster correlations
m Population-averaged interpretation (Preisser et al., 2003)

m Robust sandwich variance estimator (ROB)

e asymptotically valid inference
e even when the correlation structure is not correctly specified

Limitation: ROB has negative finite-sample biases for < 30 clusters

Bias-corrected sandwich variance estimators
e Kauermann and Carroll (2001) (abbreviated as KC)
e Mancl and DeRouen (2001) (abbreviated as MD)
e Fay and Graubard (2001) (abbreviated as FG)
e Morel et al. (2003) (abbreviated as MBN)
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Introduction

Bias-corrected sandwich variance estimators

m Application to small CRTs
m Literature on comparing their finite-sample performances

@ in maintaining valid type | error rates
e with a continuous, binary or count outcome
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Introduction

Bias-corrected sandwich variance estimators

m Application to small CRTs

m Literature on comparing their finite-sample performances
@ in maintaining valid type | error rates
e with a continuous, binary or count outcome

m Limited evaluations for censored time-to-event outcomes

o Caille et al. (2021): from 186 CRTs from 2013 to 2018,
time-to-event outcomes are not uncommon but appropriate
statistical methods are infrequently used

e Fay and Graubard (2001): the only study with a simulation evaluation
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Introduction

Marginal Cox proportional hazards model (Wei et al., 1989; Lin, 1994)
m Clustered right-censored time-to-event data
m Hazard ratio as effect measure
m Assume an independence working correlation structure
m Robust sandwich variance estimator (Spiekerman and Lin, 1998)
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Introduction

Marginal Cox proportional hazards model (Wei et al., 1989; Lin, 1994)
m Clustered right-censored time-to-event data
m Hazard ratio as effect measure
m Assume an independence working correlation structure
m Robust sandwich variance estimator (Spiekerman and Lin, 1998)

Our work
m Propose 9 bias-corrected sandwich variance estimators

o for CRTs with time-to-event outcomes
o under the marginal Cox model

m Provide practical recommendations
m Develop an R package CoxBcv accessible on CRAN
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9 Marginal Cox Proportional Hazards Model
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Marginal Cox Proportional Hazards Model

Statistical model for a parallel-arm CRT
m n: number of clusters

m m;: cluster size for clusterj (i =1,...,n)
m O = (X, Ajj, Zjj): observed data triplet
e Xj = min{Tj, C;}: observed event time, where
Tt underlying failure time for the event of interest
Cjj: censoring time
e Aj: event indicator; AU =1ifX; =Tyand A; =0if Xjj = G
o Zj = (Zj,...,Zjp) ap x 1vector of baseline covariates
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Marginal Cox Proportional Hazards Model

Marginal Cox proportional hazards model

N (t1Zy) = Mo(t) exp (B'Zj) (1)

® )\o(t): an unspecified baseline hazard function
m 3: a p x 1 vector of regression parameters

m Estimate the population-averaged intervention effect

m Usually include only a cluster-level intervention indicator

e Zj: ascalar binary covariate
@ (3: the population-averaged hazard ratio
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Marginal Cox Proportional Hazards Model

Estimate 3 in model (1) (Wei et al., 1989; Lin, 1994)
m Based on an independence working correlation structure
m An unbiased estimator B solves the estimating equations
TIOIS 99 SR EAA L2
e S UL TP

where

o SO(B:t) =31, X7 Yi(t)exp (8'Zy) Z" for r = 0,1,2
o c®0 =1 ¢® = ¢, c® = cc’ for an arbitrary vector ¢
e Yj(t)=1I(Xj; >t): at-risk process
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Marginal Cox Proportional Hazards Model

m N;(t) = I(X; < t,Aj = 1): counting process for the failure time
m Breslow-type estimators
e cumulative baseline hazard

Ko(t n dN,J(U)
im 1J 1 Zk 1 2212 Yia(u) exp (B' Zk)
B n m t dN,(L])
ZZ/ 5O(3; )

e baseline hazard

Xo(t)dt = ZZSO) B; t)"LdNy(t)

i=1 j=1
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Marginal Cox Proportional Hazards Model

Robust sandwich variance estimator for B

m Extension from GEE with non-censored outcomes to the marginal
Cox model (Wei et al., 1989; Spiekerman and Lin, 1998)

m Define the mean-zero martingale-score for each cluster

| - mi ) - m oo ) 5(1)(5; u) )
Ui(B) —jzluu(ﬂ) —le/o {ZJ - 5(0)(511)} dM;i(u)  (2)

where .
Mi(e) = Ny(t) — /0 Yi(0)ho(u) exp(8' Z)du

is the martingale
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Marginal Cox Proportional Hazards Model

m Define Q,(8) = —0U;(B)/08
m Sandwich variance estimator

n
V.-V, (z 0,0;) v,
i=1

where

~ ~\—1
e model-based variance estimator V,, = (Zf’ 1 Q) =

n SP@Bu) (B u)s“) Biu)
QZ" YOG P GO
o Q,’ = Q,(,@)
o U,' = U,(ﬁ)

1
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Marginal Cox Proportional Hazards Model

Features of \75
m Unbiased in large samples regardless of the correct specification of
the working independent correlation assumption
m Tend to underestimate the variance in small CRTs (n < 30)

e inflated type | error rates
e under-coverage

m Need small-sample bias corrections
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e Proposed Bias-Corrected Sandwich Variance Estimators
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Bias Correction based on MR

Bias correction based on modification of the martingale residual (MR)
m Rewrite the martingale in Eq (2)

Mi(t; B) = My(t: B) — {Mu(t; B) — My(t; B)}

— {M5(t:8) - My(t: 8) | 3)

° M(t,,@): baseline hazard estimated by the Breslow-type estimator
e M(t, 3): baseline hazard estimated by the Breslow-type estimator

and 3 is estimated by 3
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Bias Correction based on MR

m Consider a first-order Taylor Series expansion to rewrite Eq (3)

My(6:8) =Fis(t: B) + Byt )Un D23 Un(9)

k=1 I=1

’-‘ M (u)
+ ) Yitew (07) S

where

o M(t) =31, > My(t)

e D; is a gradient matrix

m Recall

s
Ui(B) = ZUUB) Z/ {U S(O)'Bu;}dl\ﬂfj(u)
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Bias Correction based on MR

m Bias-corrected version of the estimated martingale-score U,-

~BC mj 0o o S(l)(B\, u) =, NG i
UBC = {IP+Z/O {Z,J SO 0) dDji(u; B)Vim ¢ U

m; ) 5(1)(3; u) N
+ Z/o {Zij - 5(0)(3u)} Yii(u) exp (,3 zl.j)
X 5(0)(3; U)ild/\//\l,-.(u)

m MR bias-corrected sandwich variance estimator

_ . LN o\ |~
Vg = Vi, {Z UEC <U;’3C> } v,
i=1
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Bias Corrections Based on Methods for GEE

Generalize multiplicative bias corrections developed for GEE

m Multiplicative bias corrections, following Wang et al. (2021):
V VOV with

Vo= GUUC (4)
i=1

@ C;: cluster-specific correction matrix for small CRTs
m Determine the form of C;
m Expand the estimating equations around 3:

Ui%Ui—ﬁi<ﬁ—[§)

m Sum across all clusters and re-arranging terms:

7 Vm (i U,'>
i=1
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Bias Corrections Based on Methods for GEE

m Approximate the covariance of the estimated cluster-specific score:
~ o~ o~ o~ o~ o~ /
E(0i0)) ~ (I — Vi) @, (1 — Vi)

OV (S | Uy 5)
J#i

o ¥, = Cov(U;) = E (U;U;): true covariance of U;
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Bias Corrections Based on Methods for GEE

KC bias correction
B Assume ¥; ~ ¢ x ﬁ,- (Kauermann and Carroll, 2001)

E (U,U;) ~ (lp - ﬁ,—\?m) W, ~ 0, (lp - Q,Vm)/

o\ —1)2
m Motivate C; = (Ip — Q,-Vm) in Eq (4)

m KC bias-corrected sandwich variance estimator

Vic = Vi {Z (l,, - ﬁ,gm)—l/z ;U (l,, - Amﬁi)—l/z} V.,

i=1
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Bias Corrections Based on Methods for GEE

FG bias correction
m Analogous to Fay and Graubard (2001)

m C; = diag { (1 — min {r, [ﬁ;Vm]J-j}) /2} in Eq (4)

e r < 1: a user-defined constant; usually set r = 0.75

m FG bias-corrected sandwich variance estimator
n PN —1/2) ~ ~
Zdiag{ 1—min< r, [Q; V] } U, U;
S (1 min . @701}
o~ -1/2 N
x diag { (1 —min {r, [Q,-Vm]jj}> }] V.,

m Note: whenp =1, \7,:(.; = \7KC if ﬁ,-\7m does not exceed r

VFG = \7m
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Bias Corrections Based on Methods for GEE

MD bias correction

m Assume the last term of (5) is negligible (Mancl and DeRouen,
2001)

Ui~ (b= V) GO, (1~ Vo)

1
m Motivate C; = (1,, - Q,-Vm) in Eq (4)
m MD bias-corrected sandwich variance estimator
~ ~ n o o N =1 PO N
Vo = Uy, {Z (lp - Q,—Vm> U;U; (lp - v,,,n,-) } Vo

m Note: VMD often leads to larger variance estimates than \7KC
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Bias Corrections Based on Methods for GEE

MBN bias correction
m An additive bias correction, analogous to Morel et al. (2003)
m MBN bias-corrected sandwich variance estimator

n

VMBN = (Zz_l mi — L X n > ‘75 + min <05 n> ¢Vm (6)

Siami—p n-1
: (z 0, 0;)
i=1
m Advantage of the additive bias correction:

it ensures a positive-definite covariance matrix (Morel et al., 2003)

~ n pa—
¢:max{1,<zglm’ X n1> x trace

S mi—p  n-
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Hybridizing Bias Corrections

Hybrid bias corrections
m Survival analysis concerns incompletely observed outcomes
m Bias correction may be insufficient when implemented alone
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Hybridizing Bias Corrections

Hybrid bias corrections
m Survival analysis concerns incompletely observed outcomes
m Bias correction may be insufficient when implemented alone

m Hybridize the MR bias correction with either one of the
multiplicative or additive bias-corrections:
replace U with UBC n VKC, V[:(;7 VMD and VI\/IBN

m Hybrid bias-corrected sandwich variance estimators:
Vikemr, Veemr, Vvpmr and Viisnvr
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Bias-Corrected Sandwich Variance Estimators

Table 1: A brief summary of different sandwich variance estimators.

Variance Estimator Label Formula Feature

v, ROB C=1,

~ ~ o~ —-1/2

Ve ke Ci=(h—QVn) "

Ve FG Vi (S0 GOU/C] ) Vi Cfdlag{(l—mln{,[n v,,,]ﬂ})_l/z}
Vb MD C = (lp - ﬁ,\?m) -

Vs MBN aVs+ c2dpVn c1, c2, ¢ defined in Eq (6)

Vir MR Ci=1,

—~ —1/2

Vicmr KCMR G = (lp -0 vm) /

o % i8¢ [gBC]’ % —1/2
Vromr FGMR V(S0 GOFC[0F] /) U ¢ = {(1 —min {1, [ Viml;i }) }
~ ~ o~ -1

Vvomr MDMR ¢ = (lp - n,-v,,,)

c1, c2, ¢ defined in Eq (6) with
ﬁ,- replaced by lAI,-BC
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@ A Numerical Study
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A Numerical Study

Study description
m Two-arm CRT with equal allocation

m Only 1 covariate in model (1):
a binary cluster-level intervention indicator
(Z; = 1: intervention arm and Z; = 0: control arm)
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A Numerical Study

Study description
m Two-arm CRT with equal allocation

m Only 1 covariate in model (1):
a binary cluster-level intervention indicator
(Z; = 1: intervention arm and Z; = 0: control arm)

m Null hypothesis of no intervention effect Hy : 3 =0
m Two-sided Wald t-test with n — 1 degrees of freedom
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A Numerical Study

Parameter specification, following Zhong and Cook (2015)
m Weibull distribution for cumulative baseline hazard:
No(t; @) = [5 Xo(s; @)ds = (Aot)* and a = (Ao, k)’

m Administrative censoring time C =1

B p,: desired administrative censoring rate for the control group
m \gsolves P(T; > C'|Z; = 0) = p,
e p, =02
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A Numerical Study

Parameter specification, following Zhong and Cook (2015)

m Weibull distribution for cumulative baseline hazard:
No(t; @) = [5 do(s; @)ds = (Xot)* and a = (Ao, k)’
Administrative censoring time CT =1

pa: desired administrative censoring rate for the control group
Ag solves P(T,'j > CT|Z,' = 0) = P3

e p, =02
G random censoring time for individual j in cluster i

e exponentially distributed with rate p
e independent censoring within each cluster

Cj = min{C, CT}: true right-censoring time

po: desired net censoring rate in the control arm
p solves P(T; > Cy;|Z; = 0) = po
@ po = 0.20r0.5

Bias-corrected sandwich variance estimation 28/43



A Numerical Study

Generate correlated failure times, from the Clayton copula (Clayton and
Cuzick, 1985)
m S5i(ti1, ..., tim;): joint survival distribution for m; (m; > 2) correlated
observations (T, ..., Tim,) in a cluster
m Fip (tin | tin, - .., ti p—1): conditional cumulative distribution function
for T,'1,...,T,'h (h:].,...,m,')
o Fip(tin | tir,-- ., tin—1) ~ Uniform(0, 1)
m Can generate m; independent Uniform(0, 1) variates
° up = Fii(t1)
o upp=Fin(tin| tin,-.. tip—1)forh=2,....m;
m Solve for tj; and tj, (h=2,..., m;)
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A Numerical Study

m Kendall’s 7 € {0.01,0.05,0.1,0.25}
m Set 3 = 0 for assessing the empirical type | error rate
m Fix the nominal type | error rate at 5%
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A Numerical Study

Kendall's € {0.01,0.05,0.1,0.25}

Set 8 = 0 for assessing the empirical type | error rate

Fix the nominal type | error rate at 5%

n € {6,10,20,30}

Generate m; (i = 1,..., n) from a gamma distribution with

e mean equal to m € {20, 50,100}
e coefficient of variation (CV) ranging from 0 to 1 by increments of 0.1
e m; truncated at 2
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A Numerical Study

m 5000 data replications for each scenario
m Fit the marginal Cox model for each replicate

m Considered 10 variance estimators for the intervention effect:

@ uncorrected robust sandwich variance estimator ROB
@ 9 bias-corrected sandwich variance estimators:
MR, KC, FG, MD, MBN, KCMR, FGMR, MDMR, MBNMR
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A Numerical Study

Results of interest
m Percent relative bias of the variance estimators:

5000
{Z( )r/5000 — Var (3 )}/VarMC(B) % 100

r=1

o g: index of the evaluated variance estimator
° (V )t V from the rth simulated data replication

° VarMC(B) $2%999(5 — 52599 3/5000)2 /4999
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A Numerical Study

Results of interest
m Percent relative bias of the variance estimators:

5000
{Z( )r/5000 — Var (3 )}/VarMC(B) % 100

r=1

o g: index of the evaluated variance estimator
° (V )t V from the rth simulated data replication

o Varwe(3) = S5%(5 - 5% 5/5000)? /4999
m Empirical type | error rate under the null
e Acceptable range of empirical type | error rates: (4.4%,5.6%)
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A Numerical Study

Percent Relative Bias for p = 0.2 and Kendall's t = 0.01
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Figure 1: Percent relative biases of different variance estimators for pg = 0.2 and 7 = 0.01 under
the marginal Cox model.
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A Numerical Study

Percent Relative Bias for p, = 0.2 and Kendall's = 0.01

n-6 =10 n-20 n-30

o o -
0 *—o- = -e-9---8 5
LSRN~ R R -2 °
-y
“0-
@
£ w0-
&
z o~
g
&
“0-
El
. s-3 e-o-0-4 2 5 D
] - T . L] ik -y 3
e, S -S04 hiLE B Ry
.2 i I B *-o LR LB |
L ATY L i#:=8 t]
[T S B Sy g
40 . - g
LT
LS |
a0
00 02 o. 08 08 10 00 02 o. 08 o8 1o oo 02 o. 08 08 10 0 02 o. 0. 08 10
CV of Cluster Sizes.
M ROB @ KC MD A KCMR & MBNMA
Variance Estimator
MR FG @ BN A FomR
Bias Correction Type W . A
Line Type

Figure 1: Percent relative biases of different variance estimators for pp = 0.2 and 7 = 0.01 under
the marginal Cox model.
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A Numerical Study

Percent Relative Bias for p, = 0.2 and Kendall's = 0.01
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A Numerical Study

Size for pg = 0.2 and Kendall's t = 0.01
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Figure 2: Empirical type | error rates of intervention effect tests for pp = 0.2 and 7 = 0.01 under
the marginal Cox model, based on different variance estimators.
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A Numerical Study

Size for pg = 0.2 and Kendall's t = 0.01
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the marginal Cox model, based on different variance estimators.
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A Numerical Study

Size for pg = 0.2 and Kendall's t = 0.01

n-6 n-10 n-20 n-30

L X B rE
-0

O-g-0-8-

= Y
| ERERSEE o]

Type | Error Rate

20 L]
020 1
- L]
ot [ ] . p=l)
» .. P
n .o o«-® n - 3
- r ) T L
or0- omm Lol [ ] ®
(s 1 3 uow .’ ™
4 AA m-E ‘B-0-® '/;,
o-8-9-9 AAA o-="% o-§ A PO o B
e A—Aa 900 e [P 5 bedid X RO 5 )
B S A A BH X S g-4-%
A LA AN EaA-pFTEEA I E T E S T S
00 02 04 6 08 1o oo 02 04 06 04 08 08 o oo 02 04 06 08 10

o 10 oo
CV of Cluster Sizes.

B ROB @ KC @ MD A KCMR A MDMR
Variance Estimator
MR FG @ VBN - FGMR A MENMR

Bias Correction Type W L] A

Line Type

Figure 2: Empirical type | error rates of intervention effect tests for pp = 0.2 and 7 = 0.01 under
the marginal Cox model, based on different variance estimators.
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A Numerical Study

Summary

m When CV < 0.4: MD performs best
m When CV > 0.5: KCMR performs best, with exceptions under
n=6and CV > 0.8
e seemingly discordant recommendation regarding positive bias and
nominal test size
e variability of KCMR when CV of cluster sizes increases (tendency to
over reject) VS positive bias (tendency to be conservative)
m When n = 6 and CV > 0.8: no bias corrections could lead to close
to nominal test size
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A Numerical Study

Practical recommendations
m Include at least 10 clusters in CRTs with time-to-event outcomes
m Use of MD bias-corrected sandwich variance estimator
e robust to the moderate variation of cluster sizes (CV < 0.4)
m Use of KCMR bias-corrected sandwich variance estimator
e under larger variations of cluster sizes
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© Application to the STOP-CRC CRT
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Application to the STOP-CRC CRT

STOP CRC trial (Coronado et al., 2018)
m Two-arm parallel CRT
m Compare 2 strategies: an EHR-embedded program & usual care

m Primary outcome: time to completion of colorectal cancer
screening, administratively censored at 12 months
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Application to the STOP-CRC CRT

STOP CRC trial (Coronado et al., 2018)
m Two-arm parallel CRT
m Compare 2 strategies: an EHR-embedded program & usual care

m Primary outcome: time to completion of colorectal cancer
screening, administratively censored at 12 months

m Randomization level: health center clinic (cluster)
m Equal allocation to the two arms
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Application to the STOP-CRC CRT

STOP CRC trial (Coronado et al., 2018)
m Two-arm parallel CRT
m Compare 2 strategies: an EHR-embedded program & usual care

m Primary outcome: time to completion of colorectal cancer
screening, administratively censored at 12 months

m Randomization level: health center clinic (cluster)
m Equal allocation to the two arms

m Consider the subgroup of nonwhite participants

@ high CV of cluster sizes
e application of bias-corrected sandwich variance estimator can lead
to a different conclusion from the standard analysis
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Application to the STOP-CRC CRT

Subgroup of nonwhite participants
m 4543 nonwhite participants in 26 clusters

@ 2513 (55.32%) females
e mean (standard deviation [SD]) age: 58.72 (6.51) years

m Variable cluster sizes
e range: [8,1054]
e mean (SD): 174.73 (246.95)
e CV=141
m Consider a proportional hazards model (1)

@ include only a binary cluster-level intervention indicator
e compare ROB and bias-corrected sandwich variance estimators
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Application to the STOP-CRC CRT

Table 2: Analysis results of the STOP CRC data (for the sub-population of nonwhite).

Variance Estimator

Log of Hazard Ratio395% CI9

Hazard Ratio (95% CI9

p-value

ROB

MR

KC

FG

MD
MBN
KCMR
FGMR
MDMR
MBNMR

0.699 (0.151, 1.248)
0.699 (-0.011, 1.410)
0.699 (-0.018, 1.416)
0.699 (-0.018, 1.416)
0.699 (-0.274, 1.672)
0.699 (0.129, 1.270)
0.699 (-0.249, 1.647
0.699 (-0.249, 1.647
0.699 (-0.605, 2.004
0.699 (-0.040, 1.438

R N 1

2.012(1.162, 3.483)
2.012(0.989, 4.094)
2.012(0.983, 4.120)
2.012(0.983, 4.120)
2.012(0.761, 5.323)
2.012(1.137, 3.560)
2.012(0.780, 5.191)
2.012(0.780, 5.191)
2.012 (0.546, 7.417)
2.012(0.961, 4.212)

0.015
0.053
0.055
0.055
0.151
0.018
0.141
0.141
0.280
0.063

2 Estimate of 3 in model (1) with only one covariate of a binary cluster-level intervention indicator.

b Cl: Confidence interval from the Wald ¢-test with n — 1 degrees of freedom.
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Section

e Summary
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Summary

m Propose 9 bias-corrected sandwich variance estimators for CRTs
with time-to-event data analyzed through the marginal Cox model

m Conduct a comprehensive simulation study to evaluate proposed
estimators

m Suggest that the Wald t-test with a bias-corrected sandwich
variance estimator can maintain the nominal test size and generate
reliable inferences for as few as 10 clusters

@ choice of bias-corrected sandwich variance estimators should take
the variation of cluster sizes into account

m Develop an R package CoxBcv to implement proposed estimators
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Future work
m Extend to non-independent working correlation structure

m Develop bias corrections for the correlation estimating equations,
similar to the matrix-adjusted estimating equations proposed by
Preisser et al. (2008)

m Generalize our recommendations under the covariate-adjusted
analysis through the marginal Cox model in CRTs

m Extend to recurrent event data and multistate models
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